Abstract. Tracking a moving object by the Doppler effect is an important tool to locate the position and to measure the velocity of a moving object. In theory, the corresponding movement of the object can be formulated by a system of 12 quadratic polynomials in 12 unknowns. In this paper, we mainly propose a novel simplification to reduce the original system to a system of 4 polynomials of degrees 4, 3, 2 and 2 in 4 unknowns. Furthermore, we can also reduce the original system to a new system of only three quadratic polynomials in 3 unknowns when the 6 observation stations are located at the vertices and centre of a regular pentagon, numerical experiments show that the simplified polynomial system can be solved by the homotopy method efficiently and reliably. The method is much more robust than Newton's method when the initial vector is far from the solution. Also, the regular pentagon case outperforms the other configurations in terms of numerical accuracy.
1. Introduction. Tracking of moving objects is an important subject in many applications [2, 3, 9] . In general, the relative positions of moving objects are unknown and to be determined. Nevertheless, the relative speed of a moving object is known and can be measured by the Doppler effect by some observation stations. For tracking an object in the space, we are interested in finding its position u(t) = (x(t), y(t), z(t)) T 
and the associated velocityu(t) = (ẋ(t),ẏ(t),ż(t))
T in time t. Suppose we have N observation stations located at s j ≡ (x j , y j , z j )
. The distances between u(t) and s j , and the associated derivatives, can be formulated, for j = 1, ..., N , as
(x − x j )ẋ + (y − y j )ẏ + (z − z j )ż = r jṙj .
In practice, the dataṙ j in (2) can be measured by the Doppler effect.
By substituting r j = (x − x j ) 2 + (y − y j ) 2 + (z − z j ) 2 of (1) into (2), we get (3) F j (v) = (x − x j )ẋ + (y − y j )ẏ + (z − z j )ż (x − x j ) 2 + (y − y j ) 2 + (z − z j ) 2 −ṙ j = 0, (j = 1, ..., N )
where v = (x, y, z,ẋ,ẏ,ż) T . Since v has 6 unknowns, it is natural to consider N = 6 in (3) with 6 measured data {ṙ j } 6 j=1 and a system of nonlinear equations F = (F 1 , · · · , F 6 ) T : R 6 −→ R 6 . Newton's method can then be applied for its solution.
In practice, there are advantages and disadvantages for solving (3) by Newtontype methods. It is well-known that Newton's method converges locally and quadratically. However, to locate a "good" initial vector, in general, is crucial. It may become difficult if the time step in the observation process is too large (see the numerical experiments in Section 4). In addition, equations in (3) are fully nonlinear, thus the evaluation of the Jacobian matrix in each Newton step may be costly. Therefore, in the following sections, we are motivated to reconsider solving the original system of polynomials in (1) and (2) in the 12 unknowns {x, y, z,ẋ,ẏ,ż, r 1 , · · · , r 6 }.
Historical Note. The problem of using six stations to track a moving object was proposed by the last author Zhu and his group. Newton's method were applied,
with its associated problems of initial guesses. In December 2011, Zhu asked Yau whether the problem can be solved in closed form. Yau proposed the elimination of variables, reducing the problem to the intersection of a couple polynomials. The detail and nontrivial analysis was then carried out by the first three authors, and the calculations were implemented by the fast polynomial system solver developed by TY Li (Michigan State University).
Simplification of Systems of Polynomials.
The homotopy method [1, 6] is a very powerful tool for finding all solutions of systems of polynomial equations.
We now consider the original system of quadratic polynomials of (1) and (2) with N = 6 in 12 unknowns {x, y, z,ẋ,ẏ,ż, r 1 , · · · , r 6 }, and propose a novel simplification to reduce the 12 unknowns to three or four unknowns so that the homotopy method can be applied more efficiently.
For given 6 positions {(x j , y j , z j ) T } 6 j=1 of observation stations, and the measured speeds {ṙ j } 6 j=1 by the Doppler effect in (1) and (2), we denote the following simplifying notations. Let 
Similar manipulations in (1) produce
Assuming that CV 0 is of full rank, the matrix V T 0 C T CV 0 is invertible. Multiplying (6) and (7) by V T 0 C T , respectively, we have
It is easily seen that the unknowns u = (x, y, z) T andu = (ẋ,ẏ,ż) T in (8) and (9) can be represented in terms of {r j } 6 j=1 . Denote, for j = 1, ..., 6,
Substituting equations (8) and (9) into (2) and (1), we have, for j = 1, ..., 6, the cubic
and the quartic equations
in the 12 unknown {x, y, z,ẋ,ẏ,ż, r 1 , ..., r 6 }.
We now subtract the 2nd equation of (12) from the jth equation for j = 3, ..., 6
and get four equations
the equations in (14) can be rewritten in matrix form
where A ∈ R 4×6 . In fact, from the original system in (1), the rank of A can be shown generically to be 2 (see Appendix A). Hence, let
is nonsingular. Then from (4) and (16), the unknowns {r 1 , r 2 } can be represented in terms of r 3 , r 4 , r 5 and r 6 :
Therefore, from (8), (9) and (17), we can solve the cubic equations of (12) and the quartic equations of (13) on the (r 3 , r 4 , r 5 , r 6 )-plane.
Next, we simplify equations of (12) and (13) with j = 1. From (11) and the relation in (17), the 1st equation in (12) can be simplified to a cubic equations in r 3 , r 4 , r 5 and r 6 :
Similarly, from (11), the 1st equation of (13) can be written as
From the definitionû 1 in (18) and the relation in (17), (19) can be simplified to a quartic equation in r 3 , r 4 , r 5 and r 6 :
Finally, we subtract the 2nd equation of (13) from the jth equation for j = 3, ..., 6
From (16), (21) can be written in the matrix form
The matrix A is generically of rank 2 (see Appendix A). Hence, it is sufficient to choose two linearly independent equations in (22).
For given positions of stations (x j , y j , z j )
and 6 measured data {ṙ j } 6 j=1
by the Doppler effect, the radii {r j } 6 j=1 can be computed by solving the system of 4 polynomials of degree 3, 4, 2 and 2 in 4 unknowns r 3 , r 4 , r 5 and r 6 :
where r 1 r 2
The system in (23) has 48 solutions. The position (x, y, z) T and the velocity (ẋ,ẏ,ż) T , respectively, of the moving object are immediately obtained by
Furthermore, (23) can theoretically be simplified to a system of 2 polynomial equations of degrees 12 and 16 in 2 unknowns. Compared to (23), this simplification reduces the number of unknowns from 4 to 2. However, the number of potential solutions is increased from 48 to 192. In practice, the 2-variable polynomial system with higher degrees in much more troublesome than (23) when solved by the homotopy method. We leave the tedious derivation of this simplification in Appendix B.
3. Special Configurations of Stations. In this section we will consider several particular configurations: stations on level ground or on a sphere. It is obvious that if the configuration of stations is collinear or degenerate (with some stations at identical coordinates), the polynomial system for the moving objects is over-determined.
Throughout this paper, we may assume that the stations are not collinear or degenerate.
3.1. Stations on level ground. With all stations on level ground, the original system in (1) and (2) becomes, for j = 1, ..., 6,
where
are the given data and {x, y, z,ẋ,ẏ,ż, r 1 , · · · , r 6 } are the unknowns.
With this particular configuration we will show that the system of (25) and (26) can be simplified to a system of 3 quadratic polynomials in 3 unknowns. Furthermore, if all stations are on a circle, the polynomial equations will be degenerated. Later we also consider some special configurations, with 6 stations forming: (i) a regular pentagon and its centre, and (ii) two regular triangles. For convenience, we denote, for j = 1, · · · , 6, (27)
The notations r, r • r, R,ṙ,Ṙ and C are the same as in Section 2.
As the derivation in (8) and (9), we also havė
where V 0 and n are given in (27). From (28) and (29) we see that the unknowns {x, y,ẋ,ẏ} can be represented in terms of {r j } 6 j=1 . Recall that p = (−Ṙr) ≡ (p 1 , ..., p 6 ) T and q = (n − r • r)/2 as in (11). Substituting (28) and (29) into (25) and (26), we get, for j = 1, ..., 6, the cubic equations
We now subtract the 1st equation of (30) from the rest, yielding for j = 2, ..., 6:
The equations in (32) can be rewritten in matrix form
whereÃ ∈ R 5×6 . When the original system is of the form as in (25),Ã is generically of rank 3. Hence, it is sufficient to choose three linearly independent equations in (33), say the first three equations, to from the system (34) 
and T 1 ∈ R 3×3 is nonsingular. Thus, r 1 , r 2 , r 3 can be represented in terms of r 4 , r 5
and r 6 as
Therefore, we can solve the cubic equations of (30) and quartic equations of (31) on the (r 4 , r 5 , r 6 )-plane.
Next, we subtract the 1st equation of (31) from the jth equation for j = 2, ..., 6
and get five equations
The equations in (36) can be written in the matrix form
where A is defined by (33). As in (34) we also have B (r • r) = Bn.
Given the data {(x j , y j ) T ,ṙ j } 6 j=1 , the radii {r j } 6 j=1 can be computed by solving the system of 3 quadratic polynomials in 3 unknowns r 4 , r 5 and r 6 : 
and r = r 4 r 5 r 6 T . Since A 0 and B 0 are symmetric, we assume that there is a nonsingular V 0 such that
By changing variables (38) is a quadratic polynomial in variables r 4 , r 5 and r 6 . Plugging (41) Remark (i) For this case, we can reduce(30), (31) to one equation in one variable s 6 of degree 8 which can be solved by QR algorithm [4] efficiently. However, it has too many possibilities to transform the solutions s 6 back to r 4 , r 5 and r 6 by (39) because of the repeated squaring of (44). This is the drawback of this simplification. The other one is the eigendecomposition in (38) may not always exist. In practice, we do not recommend the simplification of (40).
(ii) When all stations are on a circle, the vector n is parallel to (1, · · · , 1)
T . In this case, the right hand side of (38) is a zero vector, and (41) is a system of 3 homogeneous equations of degree 2 which is degenerated. Plugging (46) into (47), we have a system of 3 quadratic polynomials in variables r 4 , r 5 , and r 6 :
).
Given the Doppler data {ṙ j |j = 1, ..., 6}, the system of (48) has 8 solutions in general and can be solved by the total degree homotopy method very fast (< 0.01 sec.). Plugging (49) into (50), we have a system of 3 quadratic polynomials in variables r 4 , r 5 , and r 6 :
Given the Doppler data {ṙ j |j = 1, ..., 6}, the system of (51) has 8 solutions and can also be solved by the total degree homotopy method very efficient. . Hence, the original system can be simplified to the system (52) Hence, from (1) and (2) the original polynomial system is (55) 
and from (48) the simplified system is (56) Next, we consider the moving object is 10 times farther with the same station configuration:
We assume the object is at the position (20, 50, 30) T with the velocity (1, 2, 4) T .
Then the measured Doppler data should be r 1 = 3.893314107138301ṙ 4 = 3.906605581821401 r 2 = 3.9000674757995495ṙ 5 = 3.8641247950598454 r 3 = 3.9322710660446627ṙ 6 = 3.8598600586840734.
The corresponding original polynomial system is (57) 
and the simplified system is (58) Table 1 lists the number of correct digits for the pentagon configuration. The first row of table is the position of the moving object. We can see that solving the original system and the simplified system by the homotopy method achieve similar accuracy.
However, solving the simplified system saves a lot of cost. Hence, the original polynomial system is (59)
and the simplified system is Table 2 lists the number of correct digits for the two-triangle configuration. The first row of table is the position of the object. As in Table 2 we can see that solving the original system is slightly more accurate than solving the simplified system by the homotopy method. However, solving the simplified system is much cheaper than solving the original system. Table 2 The number of correct digits for the two triangles configuration. Hence, the original polynomial system is (61)
and the simplified system is shown as (62).
Solving (61) by the polyhedral homotopy continuation method, HOM4PS-2.0 takes 5.5 seconds, and solving (62) by the total degree homotopy continuation method, HOM4PS-2.0 takes about 0.01 seconds. Table 3 lists the number of correct digits for the regular octahedron configuration.
The first row of table is the position of the object, and "x" indicates the computation is out of the range that HOM4PS-2.0 can handle. +10740.913543932473r km/hr. The objects of the moving object of (63) are shown in Figure 1 .
Denote v = (x, y, z,ẋ,ẏ,ż). For the given data {(x j , y j , z j )} 6 j=1 and we have, for j = 1, ..., 6,ṙ
as in Section 2, thus Newton's method can be applied in solving (3).
Newton's iteration:
Given an approximate solution v 0 ,
T is given in (3) and DF is the Jacobian of F .
the Doppler radar responds measured data {ṙ j } 6 j=1 every ∆t seconds. The previous solution v(t i−1 ) is taken as an initial vector of Newton's iteration for computing v(t i ). (i) Solving the polynomial system {q j = 0} 
Experiment 2:
The Doppler radar responds measured data {ṙ j } 6 j=1 every ∆t seconds. We select the solution v(t) which is closest to v(t i−1 ). Figure 3 shows the log Remark: Newton's method can quickly compute the position of the moving object if the Doppler radar can quickly responds measured data. Otherwise, we will not have a good initial vector to start with. The polynomial homotopy method does not need any initial vectors from users. The method solves a polynomial system and outputs all solutions. Users need to choose an appropriate solution among them. If stations sit on a plane but do not form a circle, the polynomial system can be reduced to 3 independent quadratic polynomials. The reduced system is numerically stable.
Although the polynomial system can be reduced to a system of 4 polynomials of de- grees 4, 3, 2 and 2 for the cases that stations do not sit on a plane, the reduced system may be numerical unstable. Therefore, we suggest that stations are deployed on a plane appropriately, and combine two methods into one algorithm: at the beginning, trace the position by Newton's method. Whenever the iteration fails, the polynomial homotopy method is invoked to get back solutions.
Conclusions.
In this paper, we propose a novel simplification to reduce the original system of a moving object to a new system of only three polynomials all of degrees 2 in 3 unknowns when the 6 observation stations are located on a plane but not on a circle. Numerical results show that the homotopy method is robust and efficient for solving the simplified polynomial system when the 6 stations form a regular pentagon and its centre. One possible future work is to consider that whether this particular configuration of observation stations is optimal for the homotopy method.
Appendix A. For a generic V 0 we will show that A in (16) 
